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Structural Modeling of Composite Beams with
Induced-Strain Actuators

Ramesh Chandra* and Inderjit Choprat
University of Maryland, College Park, Maryland 20742

This paper presents an analytical-experimental investigation on structural modeling of coupled composite
beams with distributed induced-strain actuators. Analysis based on Vlasov theory is developed to include
distributed piezoelectric actuators, either surface mounted or embedded. Salient features of composite open-sec-
tion beam analysis, like constrained warping and transverse shear deformation, were included. Induced-strain
actuation was introduced in the constitutive relations of plate segment of the open-section composite beams. To
evaluate the analytical predictions, several bending-torsion and extension-torsion coupled graphite-epoxy solid
beams were fabricated using an autoclave molding technique. These were surface mounted with piezoelectric
actuators. The actuators were excited to produce local bending moment and axial force on the beam, and the
structural response was measured in terms of bending slope, induced twist, and surface strain. Good correlation
between analysis and experiment was achieved. Because of the existence of a chordwise actuator moment, the
induced twist of bending-torsion coupled beams was significantly influenced by including the chordwise
curvature of the plate segment of beam in the formulation. For [45]i4 solid beams, the chordwise bending of the
plate segment of beam was found to increase the tip twist by about

Nomenclature
bo, bs = widths of piezoelectric actuator and solid

beam substructure, respectively
G?3i = piezoelectric coefficient; 3 refers to polariza-

tion direction and 1 refers to beam axis
E = Es/Ea
Ea, Es = Young's moduli of actuator and substructure,

respectively
Eh Et = Young's moduli of any ply of composite

beam in I and t directions, respectively
GU = shear modulus of any ply of composite beam

in & plane
h - thickness of solid beam with actuator and

copper sheet (ts + 2ta + 2tc)
KIJ = stiffness matrix for beam
ks, kv ksz = bending curvatures referring to plate

segment of beam; Ks = u9SS9 kz = u9ZZ>
~ksz=2u,sz

fa > 4 = length of actuator and substructure,
respectively

M^MZ, Msz = moment resultants, referring to plate segment
of beam

MX, My = bending moments, referring to beam
Ma = bimoment (or warping moment), referring to

beam
N = axial force, referring to beam
Ny, NZ, Nsz = stress resultants, referring to plate segment

of beam
n, st z = coordinate system for plate segment of

beam, Fig. Ib
T = torsion moment, referring to beam
1 = ts/ta
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U, V, W
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V VYx> Vy
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x, y, z

o

= thicknesses of actuator and substructure,
respectively

= thickness of copper sheet
= displacements in x, y, z directions,
respectively (referring to beam)

= displacements in n, s, z directions, respectively
(referring to plate segment of beam)

= applied voltage
= shear forces in x, y directions, respectively
(referring to beam)

-Ei
- coordinate system for open section beam,
Fig. la

= total strains, referring to plate segment of beam
= transverse shear strains for the beam in xz and
yz planes, respectively

= membrane strains, referring to plate seg-
ment of beam

= rotations about x, y, z axes, respectively
(referring to beam)

= warping function _____
= constrained warping parameter,
Poisson's ratio of any ply of composite
beam in the (t plane
stress field, referring to plate segment of
beam
differentiation with respect to z coordinate
differentiation with respect to s coordinate
transpose

Introduction

A PPLICATION of smart structures technology to heli-
copter rotors appears promising to enhance rotor perfor-

mance by reducing vibratory response and increasing stability.
A smart structure consists of substructure with sensors, con-
trollers, and actuators. To exploit the potential benefits of
smart structures technology, it is important to develop an
accurate structural modeling of the substructure with sensors,
controllers, and actuators, so that its deformation characteris-
tics under mechanical and electrical loads could be predicted.
Modern helicopters are tending toward hingeless and bearing-
less rotors. These rotors are stiffer than articulated rotors but
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are susceptible to higher vibratory loads and aeromechanical
instabilities. As an example, a bearingless rotor consists of a
torsionally soft open-section flexbeam at the inboard end (up
to 25% radius) and a multicell main blade, normally built of
composite materials. Hence, structural modeling of open-sec-
tion composite beams (for flexbeam) and multicell composite
blades with distributed actuators is needed. Additionally, in-
cluding bending-torsion and extension-torsion couplings due
to composite laminates in these substructures would further
enhance the potential of smart structures in rotors.

The authors1 developed an analytical formulation based
upon Vlasov theory2 for open-section composite beams with
bending-torsion and extension-torsion couplings. The trans-
verse shear deformation of the cross section was included. The
analysis was used to predict the static structural response of
coupled I beams under bending and torsional loads. The pre-
dicted results were correlated satisfactorily with experimental
data for graphite-epoxy I beams. The analysis was also ex-
tended to calculate free vibration characteristics of rotating
composite I beams.3 The predicted natural frequencies and
mode shapes were successfully correlated with experimental
values obtained by testing the coupled composite beams in an
in-vacuo rotor test facility. These studies showed the impor-
tance of constrained warping in predicting the bending-torsion
behavior of open-section composite beams. The authors4'5
further developed a composite beam analysis for closed-sec-
tion beams, including multicell rotor blades with couplings.
Again, the analytical predictions were successfully correlated
by experiments. Feasibility of achieving a sufficient level of
extension-torsion coupling for tilt rotor design was shown.
These studies, though confined to the composite beams under
mechanical loads, provide a basis to model induced-strain
actuation.

Crawley and de Luis6 presented an analytical-experimental
study on structural modeling of composite beams of solid
rectangular cross section with surface mounted or embedded
distributed piezoelectric actuators. Modeling of substructure
with surface mounted actuators included a shear lag effect
arising due to the finite thickness of the adhesive layer between
piezoelectric actuators and substructure, whereas the substruc-
ture with embedded actuators was modeled with the assump-
tion of perfect bonding between the piezoelectric actuators
and layers of the substructure. The normal strain in the actua-
tor was assumed to be uniform across its thickness. Analytical
prediction of dynamic response of cantilever composite beams
with piezoelectric actuators excited by sinusoidal signals was
validated by experiments. Crawley and Anderson7 presented
models describing the detailed mechanics of induced-strain
actuation of beams via piezoelectric effect. Under induced-
strain actuation, the beams undergo extension, bending, and
localized shear deformations. To assess the importance of
these modes of deformation, they calculated structural re-
sponse using the uniform strain model,6 Bernoulli-Euler
model, and finite element model. Measured surface strains
from substructure and actuator were used for validation of
these models. The Bernoulli-Euler model was found to be
more accurate than the uniform strain model. The influence of
nonideal effects such as nonlinearity in field-strain relation,
hysteresis, etc., was included in the analysis. Crawley et al.8
presented piezoelectric technology for applications in the ac-
tive control of smart structures. Mechanical models for the
interaction of piezoactuators with one- and two-dimensional
structures were derived. An electromechanical coupling model
of a piezoelectric element was used to derive the optimal
resistive and tuned electrical circuits to maximize the damping
characteristics of the structure.

Crawley and Lazarus9 presented an analytical-experimental
study on anisotropic plates with induced-strain actuators. The
analysis was based on classical laminated plate theory; Ray-
leigh-Ritz technique was used to provide solutions for can-
tilever plates, and good correlation with the experimental data
was shown.

Im and Atluri10 developed a nonlinear analytical model to
examine the structural behavior of a finitely deformed beam
with a piezoactuator under a general loading. In this model,
axial force and transverse shear acting on the substructure
were also considered. A significant influence of mechanical
loading on the shear stress distribution in the adhesive layer
was shown. Robbins and Reddy11 presented a finite element
analysis of actuated beams. Four different finite element mod-
els — two based on "equivalent single-layer" and two based on
"multi-layer" — were developed. For better physical insight of
load transfer between the actuator and substructure, the need
to use an analysis with transverse shear deformation was high-
lighted. Results were presented for static as well as dynamic
loading conditions. The multilayered shear-deformation finite
element model was shown to be the most accurate in predict-
ing stress and the displacement field.

Thus, it is seen that the studies dealing with induced-strain
actuation were confined to plates and solid section beams and
did not include coupled composite open section beams. Also,
these analyses were restricted to beams undergoing bending
and extensional deformations. The objective of the present
investigation is to develop a formulation for open-section
coupled composite beams, including solid section beams with
distributed actuators undergoing bending and extensional and
torsional deformations, and to generate experimental data to
validate the analysis.

Analysis
In this investigation, Vlasov theory is used to model open-

section coupled composite beams with distributed induced-
strain actuators. In this analysis, two-dimensional stress and
displacement fields associated with a general plate segment of
the beam are reduced to one-dimensional generalized forces
and displacements of the beam. The induced-strain actuators
are modeled at plate segment level.

The analysis uses three coordinate systems: an orthogonal
right-handed Cartesian coordinate system (xt y, z) for the
beam; an orthogonal coordinate system (n, s, z) for any plate
segment of the beam, where the n axis is normal to the midsur-
face of any plate segment, the s axis is tangential to the mid-
surface and is along the contour line of the beam cross section,
and the z axis is along the longitudinal axis of beam, Fig. la;
and a contour coordinate system s, where s is measured along
the contour line of the cross section from a judiciously selected
origin, Fig. Ib. The generalized beam forces are Vx, Vyt VZ9
MX, Myy T, Mw, and Mc. The torsional moment T consists of
unconstrained warping torsion (Saint Venant torsion) and
constrained warping torsion (Vlasov torsion). As shown later,
the Vlasov torsion and bimoment Mw are related to each other.
Mc is related to the chordwise bending moment (section mo-
ment) of the plate segment of the beam. Note that the present
analysis is intended for open-section composite beams, such as
I, cruciform section, etc., which are built of several flat
rectangular composite segments.

Kinematics
From geometric considerations, Fig. Ib, generalized beam

displacements U, Vy and <t>z are related to the displacements
u(z, s) and v(z, s) associated with a generic plate segment of
the beam as follows:

u(s,z) = t/(z)sin 6(s) - V(z)cos 0(s) - q(s)<i>z(z) (1)

v(s,z) = U(z)cos 0(s) + F(z)sin 6(s) + r(s)<l>z(z) (2)

where r, q, and 0 are shown in Fig. Ib.
Note that the relations (1) and (2) are in accordance with the

fundamental assumption that the cross section does not de-
form in its plane. This assumption does not permit the bend-
ing of the plate segment of the beam in the s direction. This
chordwise bending plays an important role in the prediction of
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Fig. 1 a) Cartesian coordinates in open-section beam, and b) picto-
rial definitions of beam displacements and rotations.

torsional behavior of bending-torsion coupled plates.12 To
account for this bending, relations (1) and (2) are modified to

u(s,z) = <7(z)sin $(s) - V(z)cos 0(s) - q(s)<t>z(z)

= U(z)cos e(s) + F(z)sin B(s)

(3)

(4)

where \[/(z) represents chordwise curvature of the plate seg-
ment and a(s) is given in the Appendix. The other inplane
displacement wfo s) associated with the plate segment is de-
termined from the following strain-displacement relation:

e° = iV + v' ' (5)

The inplane shear strain e^z depends upon transverse shear
strains of the beam and is related by the following equation:

£7? == 6*7 COS 0 + €V7Sin 0Zb A*. jf.

Using relations (4-6), w(z,s) is obtained as:

w = W + X(j>x +y<t>y-\<t>i

where X is expressed in terms of sectorial area as

X= \ rds
Js

and

(6)

(7)

(8)

Relations (3), (4), and (7) provide the connection between
one-dimensional generalized beam displacements and two-di-
mensional displacements associated with a generic plate seg-
ment of the beam.

Membrane strain associated with a generic plate segment e°
and ej are related by the following equations:

e° = w' (9)

c? = v (10)

Using relations (4), (7), (9), and (10), e° and ej are obtained as

ej = ( - (7sin 0 + Fcos 0)0 + r0z (12)

Similarly, kz and ̂  are obtained as

kz = - sin Q<t>'x + cos 0<t>y — q<t>z + e^sin 0

-e;zcose-at" (13)

/:5 = - a;/' (14)

A:̂  = -2(0^ +6^') (15)

Modeling of Induced-Strain Actuation
The strain field develops in a piezoelectric actuator when an

electric voltage is applied across its faces. The induced-strain
field for a free piezoelectric actuator is

4a) = d3l(V/ttt) 0 (16)

Using classical plate theory, the strain field in the plate seg-
ment of the actuated beam is

(17)

The constitutive relation for any ply of the plate segment with
actuator is

(18)
where

[a] = {as az asz}T; esz}T

{*<'>} = {€= <*>

The actuation strain vector { e(a) } for a piezoelectric actua-
tor, which contains inplane normal strain components and no
shear strain component, manifests itself in the formulation
similar to the thermal strain. The consistent plate relations in
terms of stress and moment resultants are obtained by substi-
tuting the assumed strain relation into the constitutive relation
and integrating through the thickness of the plate segment as

where

OV) [A B~\(e<>} Gv«0y = u D\ u - w (19>

Nz NSZ}T;

[k] = {ks kz ksz]

Mz MSZ}T

-L
(20)

Note that the A, B, and D matrices depend on substructure
and actuators, whereas {N(a}} and [M(a)] depend only on
actuator plies.

Specializing the generalized actuation forces for a bending
actuator (two piezoelectric elements with substructure in be-
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tween are configured in such a way that one creates tensile
strain whereas the other creates compressive strain under an
applied electric field):

Using relations (3), (4), and (7) and taking the variation of

Nz
a) = 0; N^ = 0; =0

^ = (Q12 + Q22)An dn ; Mg> = 0

= (Gn + 6i2)A« dn (21)

where A = V(d3i/ta).
Relations (19) are rewritten as

Bnkz + Bnks

12^ + B22ks

NZS = Al6ez + A26es + ̂ 66^ + Bl6kz + B26ks

Mz = Bnez + £i2e5 + B^ + Dnkz + Dl2ks

+ Dl2kz + D22ks

(22)

= Bl2ez

where [^4], [B]9 and [Z>] refer to laminate stiffnesses.1 The
stress and moment resultants due to bending actuation are
obtained from relation (21). It is to be noted that e5, kS9 NS9
and Ms appear in the relations (22) due to the bending in the
5- direction.

Bar Forces and Their Equilibrium Equations
The generalized bar forces and their equilibrium equations

are derived by applying the principle of virtual work.2 The
external work done by the plate forces during a virtual dis-
placement of the cross section is:

Wt = (Ntw
Js

Nsv + A^v + Mzu ' + Msu

- Af £ if ') (23)- Qzu -Ma4>z] ds+ £ •
branches

Note that Ns and MS9 representing the chordwise stress and
moment resultants, are included in the preceding relation. The
second term in Eq. (23) refers to the contribution in the work
done by concentrated forces acting in the cross section.

From relation (3),

u = (UcosO+ V sin 6)0 - q<l>z- at (24)

From Ref. 2,

6= I/a and q = 1 - (r/a) (25)

where a is the radius of curvature of the branches of the beam.
For beams with flat branches, a is infinite. Hence,

B = 0 and q = 1

Introducing relations (26) in relation (24)

u = — <(>z — 6i\l/

(26)

(27)

VxdU+ Vy5V+

4- Fxdexz + Fydeyz

where

0 + Nscos 6 - Qzsin 6) ds

+ E (M^sin ^'-M^sin 6*) -
branches

V = sin 0 + Ns smB + Qz cos B) ds

branches

r
T = (N^r + Nsr - Mzs - M,

(-M^qi-M^q1)
branches

ds

+ Afzcos ff) ds-

My = (Nzx + Mzsin 0) ds-

Fx = 1 M.sin 0 ds-F^

= - Mzcos 6 ds + Fy
a)

H= (- aMs + aQz) ds

I = MZOL ds + 7(fl)

«J s

where generalized forces due to actuation are
r

N(a) = | jyjfl) ̂

°cos ^ ds

7)sin 0 ds

M^ = \ (N^y + M^cos 6) ds
Js

f
Mja) = (N^x-M^cos 6) ds

= I M^cos 0 ds

cos 6 ds

Myd<t>x

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

ff(o)

(38)

(39)

(40)
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/(a)

= M^a ds
Js

= Mz
a)a ds

Js

It is difficult to compute the generalized bar forces Vx, Vy,
and T from relations (30), (31), and (32) because of the contri-
butions from different branches. These are simplified by using
equilibrium equations of plate forces2

vx=-My (41)

(42)

(43)

where Ts is Saint Venant torsion (free warping) and Tu is
Vlasov torsion (constrained warping). These are defined as:

'--4
rw = Q

Js

(Msz + Ms) ds (44)

(45)

By using the plate equilibrium equation, relation (45) is simpli-
fied to

T = - (46)

This gives the relationship between Vlasov torsion and warp-
ing moment (or bimoment).

The external work done by the applied loadings on the plate
segment of the beam in a virtual displacement of the cross
section is

We = vy8V+ myd<t>x

t>y +fxdexz +fybeyz (47)

where n, vx,vy, t, m^ my, mx,fx,fy, mh, and iw are general-
ized load intensities on the beam, derived from the loadings on
plate segment.2 The strain energy II is given as

-il. Nses

(48)

- AT-JVW"-]

M~+^>

rs
G^
G,.

Fy——Fy

MC-M™
I

~"

" f^ t7" f Jf ]/vji -«»-l2 •*»'13 ••"•14 ••
V V V 1A22 A23 A24 /<

A^33 -»v34 -«
î - |

/

symmetric

Using the relations between bar forces and plate forces, the
strain energy becomes

+ Mx<t>y

+ Fxexz + Fyeyz + Gxexz + Gyeyz

(49)

The internal virtual work Wt is obtained from the strain en-
ergy as

- Wi = NW + My<l>'x + Mx<t>'y + T<t>'z

+ Gxexz + G,e

where

-sJ 5

HJS

„,= -[
Js

*-'!Js

*•--!.•

0 ds

A^sin B ds

i ds

ds

(50)

(51)

(52)

(53)

(54)

(55)

Equilibrium equations for bar forces are obtained by con-
sidering a bar element and equating the external work to
internal work for any virtual displacement. Thus, seven inde-
pendent equations with seven generalized displacements (t/,
V, W, <t>x, <t>y, <t>z, and \l/) as variables can be obtained. From
the force-displacement relations, several interesting cases can
be examined. Using the beam forces-plate forces relations, the
plate constitutive relations, and the plate strain-beam displace-
ment relations, the relations between generalized beam forces
and displacements are obtained as

w

35 KM Ktf KM K& KHQ

45 -̂ 46 ^47 ^48 -̂ 49 ^410

55 5̂6 ^57 ^58 ^59 ^510

K-J- K19 KHQ

(56)



CHANDRA AND CHOPRA: BEAMS WITH INDUCED-STRAIN ACTUATORS 1697

The analysis is sufficiently general to predict the structural
response of any open-section composite beam. Using the
force-displacement relations (56) and following the procedure
given in Ref. 1, the bending slope and induced twist in a
bending-torsion coupled composite I beam under piezoactua-
tion are

-z- lY

TJ [fJL II= z~ sinh z + tanh osh

tanh J cosh

U M

7 z~ VJ
(57)

where

T —e ~~ tr tr*22A1010 — A210

= A 55

, ,(0) ,
x

, wa)c

^ ———
A210 ~~

These results are specialized for the free warping torsion case
as

V =1
(58)

( K \ 1
WliW

As the magnitude of induced force/moment due to the
state-of-art piezoceramic device is low, the experimental eval-
uation of the analysis needs flexible beams. It is relatively easy
to design flexible beams of solid rectangular sections rather
than of I or cruciform sections. Hence, this analysis is experi-
mentally evaluated for bending-torsion and extension-torsion
coupled composite beams of solid rectangular cross section;
however, analytical results for bending-torsion coupled com-
posite I beams are also presented.

Bending-Torsion Coupled Solid Beams
The bending-torsion coupling can be created in open-section

composite beams using angle plies. In solid rectangular section
beams, angle ply layup with midplane symmetry results in
bending-torsion coupling. The force-displacement relations
for these beams become

(59)

(60)
K22 K25 K2iQ
K25 K55 K5iQ

M(a = K44(t)fz (61)

where the elements of the [K] matrix are given in the Ap-
pendix.

Note that the effects of constrained warping and direct
transverse shear are not significant for these solid beams and,
hence, are neglected.13 The structural response of these beams

under a bending actuator is obtained from relations (60) as
follows:

~fJo
dz

where
[L] = [K]

(62)

(63)

The beam bending moments due to piezoelectric actuation
Mx

a) and Mc
(a) are obtained from relations (40) and (53).

(64)

The bending moments due to piezoelectric actuation associ-
ated with the plate segment Mz

(tf) and Mjfl) are obtained from
relation (21).

Ata(h-ta) (65)

This checks with the expression given by Crawley et al.8
Using relations (60) without chordwise bending, bending

slope and surface strain in an isotropic beam with a bending
actuator are obtained as

Kv

±1K22

(66)

(67)

where K22 represents the bending stiffness of the substructure
and actuator. Substituting K22 from relation (A3) (see Ap-
pendix), relation (67) can be written as

6(1 + ta/ts)(2/ts)A
' 6 + Ests/Eata + \2(ta/ts) + (ta/ts)2 (ts/2 + (68)

Relation (68) checks with the expression given by Crawley and
Anderson.7

Extension-Torsion Coupled Solid Beams
The extension-torsion coupling in an open-section beam can

be created using angle plies. For solid rectangular-section
composite beams, antisymmetric ply layup results in exten-
sion-torsion coupling. The force-displacement relations for
these beams become

Ts

[*„. A-15](V
[K15 ^ssJUi

(69)

(70)

(71)

(72)

Tip twist in extension-torsion coupled solid beams under
axial force, induced by piezoactuation, is obtained using rela-
tions (69) and (70):

01 f r vI ^22 A.;
J L^26 K{

(a\\ V V r ~\ C±'y I A33 A37 V 0^

J , L^37 -̂ 77J C^z

.4(i-Jt«dif) (73)
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Tip bending slope in these solid beams under bending mo-
ment due to piezoactuation is obtained using relation (71)

(74)

Note that the influence of direct transverse shear on bending
slope is neglected in the preceding derivation; however, the
influence of transverse shear-related coupling is retained.

Experiment
To provide experimental correlation to the present analysis,

graphite-epoxy beams of solid rectangular cross section were
built and tested under induced-strain actuation using piezoce-
ramic elements. The beams were fabricated using an autoclave
molding technique. Metal molds with spacers were used to
avoid slipping of plies during curing under pressure. Peel ply
was wrapped to provide the surface finish for the beam. To
bleed out excess resin and to permit the escape of volatiles
during the curing process, a number of bleeder and breather
layers were used. A caul plate was used to facilitate the appli-
cation of uniform pressure on the laminate. The layup was
cured in a microprocessor-controlled autoclave according to
the curing cycle provided by the manufacturer (see Ref. 5 for
more fabrication details). Table 1 shows the details of bend-
ing-torsion and extension-torsion coupled composite solid
beams with different ply orientations built using this process.
Note that the ±0 layup for extension-torsion coupled solid
beams causes excessive induced twist due to curing tempera-
tures. Hence, a hygrothermally stable layup14 was used to
minimize induced twist during manufacturing. A hygrother-
mally stable layup refers to a layup where stress resultant in
the axial direction due to the curing stresses is zero but the
extension-twist coupling is nonzero.

After the beams were built, piezoelectric actuators were
surface-mounted on each beam. Figure 2 shows the schematic
of a cantilever beam with a pair of actuators. It is important
to note that a copper sheet (thickness = 0.005 in.) which is
conducting on one side and insulating on the other is used to
insulate the piezoactuator from the substructure and to facili-
tate electrical connection to the bonded side of the actuator.
The structural response of these beams was measured in terms
of bending slope, twist, and surface strain. The beam's bend-
ing slope and twist at any spanwise station of the beam were
measured using a laser optical system. A light beam from

Table 1 Details of graphite-epoxy solid beams and
______________PZT piezoactuator______________

Graphite-epoxy solid beams
Geometry:
Width = 1 in. (25.4 mm), length = 36 in. (914.4 mm),
thickness = 0.11 in. (2.79 mm)
Clamped length = 6 in. (152.4 mm)
Properties:
Et= 20.59 X106 psi (141.9 GPa), Et = 1.42 X 106 psi (9.79 GPa),
G& - 0,87 x 106 psi (6.0 GPa), p* = 0.42
Bending-torsion coupled beams
Layup: [0]24, 0 = 0, 15, 30, 45
Extension-torsion coupled beams
Layup: [30]3/[ - 60]6/[30]3/[ - 30]3/[60]6/[ - 30]3

Details of PZT piezoactuator
Geometry:
Width = 1 in. (25.4 mm), length = 2 in. (50.8 mm),
thickness = 0.010 in. (0.254 mm)
Mechanical properties:
Eg=lx 106 psi (48.3 GPa), Et=lX 106 psi (48.3 GPa),
Get = 2.73 X 106 psi (18.8 GPa), p* = 0.3
Induced-strain at 150 V in a free PZT material (Fig. 3) = 240 micro
strain

a)

b)

iezo Actuator
Bond Adhesive

Substructure
Bond Adhesive

•Piezo Actuator

Fig. 2 a) Solid beam with piezoceramic actuators, and b) details of
actuator and substructure.

300

250

200

Induced strain ̂ 59
I microstrain

100

50

4 8 12 16
Applied Field,V/mil

20

Fig. 3 Induced strain vs applied voltage curve of PZT 1195 piezoce-
ramic actuator of 10-mil thickness.

2-m/W He-Ne laser is reflected from mirrors attached on the
surface of the beam onto a vertical screen. The rotations of
mirror in two orthogonal planes were obtained by measuring
the movements of laser dot in two directions on the screen. To
reduce the measurement error, laser-dot deflections of the
order of 10 in. (254 mm) over a distance of 282 in. (7163 mm)
were used. The surface strains were measured using strain
gauges.

Results and Discussion
The static structural response of a solid beam under

piezoactuation depends on the electromechanical characteris-
tics of the actuator, mechanical coupling between the actuator
and substructure, and the stiffness characteristics of the sub-
structure. Mechanical coupling between the actuator and the
substructure is controlled by the stiffness properties of the
adhesive. In this study, the structural response is obtained for
an actuator with known electromechanical properties. The
induced strain produced by the actuator is used as input.
Structural modeling is based on the assumption that there is a
perfect bond between the actuator and the substructure. Sev-
eral cases with different ply angle and thickness of the sub-
structure are examined. Table 1 shows the details of the
piezoactuator s.

To create a local bending moment or an axial force, two
single-layer piezoelectric elements were surface mounted on
either surface of the cantilevered beam near the root end and
aligned along the beam axis. To create a local bending mo-
ment, these two elements were electrically connected to pro-
duce tensile and compressive strains on opposite surfaces,
whereas to generate an axial force, both were electrically con-
nected to produce tensile or compressive strains. As the adhe-
sive used was of high stiffness and thin bond line, a perfect
bonding condition between the actuator and the substructure
was assumed.

Figure 3 shows the variation of induced-strain with applied
electric field in a free piezoelectric element of 10 mil (0.254
mm) thickness (PZT 1195). The thickness of the piezoceramic
element was measured at several points and the average value
was close to 10 mil. This curve was generated using six data
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D Without copper sheet

• With copper sheet

Fig. 4 Influence of copper sheet on structural response of graphite-
epoxy solid beams under bending piezoactuation, applied electric field
= 15 V/mil.
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Fig. 5 Actuator surface strain for bending-torsion coupled graphite-
epoxy solid beams with bending piezoactuation, applied electric field
= 15 V/mil.

sets; the piezoelectric elements were initialized to zero induced
strain after each test. This figure was used to provide the
induced strain at an applied electric field to predict the struc-
tural response of beams under piezoactuation. Thus the in-
duced strain of 240 micro strain at an applied field of 15 V/mil
was taken from this figure and used as input for analysis.

Special copper sheet (conducting on one side and insulating
on the other side) was used to insulate the substructure from
piezoceramic elements and to facilitate electrical connection.
This sheet placed in between the substructure and actuator
reduces the effectiveness of piezoactuation of beams. The
influence of this copper sheet on predicted structural response
of graphite-epoxy solid beam is shown in Fig. 4. The reduction
in the effectiveness of the actuator is controlled by ply angle of
the beam. For [45]24 beam, the reduction is about 50%. It is
worth mentioning here that the electrical connections and
conducting of the test without the copper sheet pose problems
and must be carried out with utmost care.

The actuator surface strain, which is a measure of efficiency
of load transfer from actuator to the substructure, depends on
the stiffness ratio of substructure to actuator, shear stiffness
of adhesive layer, and free actuator strain. Figure 5 shows the
actuator surface strain for bending-torsion coupled graphite-
epoxy solid beams with applied electric field of 15 V/mil. The
free actuator strain at this field as obtained from Fig. 3 of 240
micro strain is used. One pair of piezoceramic actuators is
surface mounted near the clamped end of the beam. The
details of beams and actuators are given in Table 1. It is to be
noted that the copper sheet was not used for these cases and
actuators were mounted in such a way that both of their
surfaces were accessible for electrical connections. The beams

were insulated from the clamps using glass epoxy spacers.
Note a higher level of strain for [45]24 solid beam. This is due
to the decrease in bending stiffness of the beam substructure
with the increase in ply angle. Better correlation between
theory and experiment is seen for softer beams than stiff
beams. This may be due to the fact that the free actuator strain
(240 micro strain) becomes smaller for constrained piezoce-
ramic elements (see Ref. 9).

The structural response of these bending-torsion coupled
graphite-epoxy beams under piezoactuation was obtained in
terms of tip bending slope and twist. Figures 6 and 7 show the
predicted and measured tip bending slope and twist, respec-
tively. Note again the increase in response with the increase in
ply angle. The chordwise bending of plate segment of the
beam does not influence tip bending slope significantly. It is
interesting to note that the chordwise bending of plate segment
of beam influences the twist of these beams significantly. This
is due to the existence of an actuated moment in the chordwise
direction of plate segment of beam. Good correlation between
analysis and experiment is achieved only when chordwise
bending is included.

The structural response of coupled composite beams under
multiple actuators was examined. Ten bending actuators were
surface mounted on bending-torsion coupled graphite epoxy
solid beams. These actuators were uniformly distributed along
the length of the beams. Copper sheet in between the piezo-ac-
tuators and substructure was used for these beams. Figures 8
and 9 show the predicted and measured structural response of
[30]24 and [45]24 beams, respectively. Note that the results
given by relations (62) refer to one bending actuator. These are
used to predict the structural response of solid beams sub-
jected to bending moments created by distributed bending
actuators along the span of the beam using superposition. The
number of actuators referred to in these figures implies the
number of actuators starting from the root which were acti-
vated. Good correlation between theory and experiment is
achieved for these cases.

0.35

0.28

0.21
Bending

slope
deg. 0.14-

0.07

0.00

D Analysis w/o chordwise bending
^ Analysis with chordwise bending
• Experiment

[0],

Fig. 6 Bending slope of bending-torsion coupled graphite-epoxy
solid beams under bending piezoactuation, applied electric field = 15
V/mil.
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0.15-
Induced

twisrtdeg.)

Analysis w/o chordwise bending
Analysis with chordwise bending
Experiment

[45L

Fig. 7 Induced twist of bending-torsion coupled graphite-epoxy
solid beams under bending piezoactuation, applied electric field = 15
V/mil.
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To illustrate the structural behavior of extension-torsion
coupled beams under piezoactuation, a solid beam with hy-
grothermally stable layup was examined. Fourteen piezoactua-
tors (with 7 on each surface of the solid beam) were surface-
bonded. These actuators were electrically connected to pro-
vide axial force or bending moment. The structural response
of this beam under bending actuation results in pure bending,
whereas the axial force due to piezoactuation causes twisting
of the beam. Figure 10 shows induced bending slope and twist
at the tip caused, respectively, by these two actuations. Note
that the order of twist created by piezo-induced axial force is
much smaller than the bending slope created by piezo-induced
bending moment. Here again, good correlation between the-
ory and experiment is achieved.

To illustrate the influence of warping constraints on struc-
tural response of open-section composite beams under piezo-
actuation, a bending-torsion coupled graphite-epoxy I beam
was examined analytically. One bending actuator consisting of
two piezoelements surface mounted on opposite flanges of an
I beam was placed near the root of the beam. This bending
actuator applied local bending moments; and, due to bending-
torsion coupling, caused bending and twisting of this beam.
Figure 11 shows the results in terms of tip bending slope and
twist of this beam. Relations (57) and (58) were used to calcu-
late the results with and without constrained warping effects,
respectively. Warping constraints increase the torsional stiff-
ness of the beam, and this increase is controlled by the con-
strained warping parameter /* (see Ref. 1). This parameter, in
turn, depends on the stiffnesses (K55)r, K^, and length of the
beam. It is interesting to note that the induced twist is substan-
tially reduced by constrained warping effects.

1.20

Structural 0 60
response

deg.

1 2 3 4 5 6 7 8 9 1 0

Fig. 8 Influence of number of actuators on tip structural response of
graphite-epoxy bending-torsion coupled [30]i4 solid beam, applied
electric field = 15 V/mil.
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deg. 0.60

103 4 5 6 7 8
Number of actuators

Structural
response

deg.

Lay-up: (30) / ( -60) / (30) / ( -30) 7 (60) / ( -30)

Bending slope Twist

Fig. 10 Structural response of extension-torsion coupled solid beam
under piezoactuation: bending due to bending actuation and twist due
to extensional actuation.
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Fig. 11 Bending-torsion coupled graphite-epoxy I beam with bend-
ing piezoactuator, applied electric field = 15 V/mil.

Conclusion
Analysis of composite beams with induced-strain actuators

was formulated based on Vlasov theory. Chordwise bending
of a generic plate segment of beam, which is normally ne-
glected for most beam analyses, was included to predict the
structural response of bending-torsion coupled beams with
induced-strain actuation. To provide the experimental correla-
tion to the analysis, bending-torsion and extension-torsion
coupled graphite-epoxy beams of solid rectangular section
were fabricated using an autoclave molding technique.
Piezoelectric actuation was used to apply bending moment
and axial force on these beams, and the resulting bending
slope and twist at the tip were measured using a laser optical
system. Based on this study, the following conclusions are
made:

1) For solid beams under piezoactuation, the analysis must
be modified to include chordwise strain and curvature of plate
segment of the beam. Chordwise bending has much more
influence on the twisting than the bending of bending-torsion
coupled beams under piezoelectric actuation. For [45]24
graphite-epoxy beams, the tip twist is increased by about
11 0% by the chordwise actuator moment.

2) There is a significant reduction of effectiveness of in-
duced actuation with the inclusion of copper sheeting between
piezoelectric element and substructure. For [45]24 graphite-
epoxy beams, the induced tip twist is reduced by more than
50% by the copper sheet.

3) With distributed actuators, the structural response can be
calculated by superposition.

4) Warping constraints influence the induced twist of bend-
ing-torsion coupled composite I-beam substantially.

Fig. 9 Influence of number of actuators on structural response of
graphite-epoxy bending-torsion coupled [45)24 solid beam, applied
electric field = 15 V/mil.

Appendix: Elements of the [K] Matrix

(Al)
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K15= -2 Bl6ds
Js

£22 = \ (Any2 + 2Bny cos 0 + £>ncos20) ds
Js

K25 = 2 (Bl6y + Z)16cos 0) ds

*26 = G4l6>> + #16COS 0) COS 0 ds
Js

#55 = 4 D^dS
Js

^210= I A2« cos 0 ds
Js

^510 = 2 1 /?26« <k
Js

1̂010 = 1 ^22 « d-S
Js

#44=] (/W + ̂ ntfX + ̂ nA2)^

For a solid rectangular section beam:

X = 0, q=s, 7=0, 0 = 0, ot

Using relations (All), relations (A1-A10) become

Kn = Zv4n

K15 = 2&,*16

(A2)

(A3)

(A4)

(A5)

(A6)

(A7)

(A8)

(A9)

(A10)

(All)

(A12)

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)

(A19)

^510 = 2bsD26 (A20)

(A21)
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